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1 Mathematical model

Let N be the set of nurses, D the set of days in the scheduling period, W the set
of all weekends in the scheduling period, S the set of shift types and SK the set
of skills. Equation (1) defines the binary decision variables xy q,s,sk- These state
whether nurse n is working shift type s with required skill sk on day d.

A set of auxiliary variables o0, 4,5 is defined in expression (2). These indicate
whether nurse n works a shift of type s on day d. The auxiliary variables p,, 4
(4) denote whether nurse n is working any shift type on day d. A similar set of
auxiliary variables gn,. is defined in expression (6). These indicate whether nurse
n is working any shift during weekend w. A weekend w is defined by its two days
dw,l and dw’g.

Vn € N,Vd € D,Vs € S,Vsk € SK :

. _ [ 1if nurse n works shift type s with skill sk on day d
mdissk = 0 otherwise

(1)

1 if nurse n works shift type s on day d
0 otherwise

VnGN,Vd€D7VSGS:0n,d,3:{ (2)
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VneNVdeEDVs€S: Y wnassk <|SKlonasand > Tpassk > onds
skeSK skeSK
(3)

1 if nurse n works any shift type on day d (4)

Vne N,Vde D :p,q= {0 otherwise

VYnée N,VYde D : Z Tn,d,s < ‘S|pn,d and Z On,d,s > Pn,d (5)
s€S seS

Vne NYweWeS:

1 if nurse n works any shift type during weekend w
n,w = .
0 otherwise

(6)
Vn € N,Vw € W ipnd,, < 2qn,w + DPn,d,, a0d Pnd,, + Pn,dy, = dn,w (7)

1.1 Hard constraints

In this section we give a mathematical representation of the hard constraints H1
(8) to H4 (11).

H1. Single assignment per day

VneENNVAED: > opas<1 (8)
ses
H2. Under-staffing
Let ClTSZZ . denote the minimum number of nurses with skill sk required for cov-
ering a shift s on day d, then:

Vd € D,Vs € S,Vsk € SK : Y @nassk > Ciask (9)
neN

HS3. Shift type successions
Let F' be the set of forbidden shift type successions. Each f € F represents a

sequence of two shift types s1 and s2 that is forbidden. T.i. a shift s2 cannot
follow a shift type s;.

Vn e N,Vd € D,Vf € F :0n,d,s;, + On,dt1,s, <1 (10)
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Hj. Missing required skill
Let SK,, be the set of skills of nurse n, then:

Vn € N,Vd € D,Vs € S,Vsk € SK\ SKp : Tn,d,5,56 =0 (11)

1.2 Soft Constraints

The objective is to minimize the following sum (12) subject to the linear expres-
sions in equations (13 - 35).

MINivizE WOV (COPY) + WOV TV (ewmer) + WEWTT Y (et +
WEeE y(OF™e®) + WEFTT YV (CF™) + WYV (CW) +
WHCRYV(SOR) + WPORV (DOR)+
WTma”V(Tmax) + WT"”"V(Tmin) + WTW"““V(TWmax)

(12)

The soft constraints in the problem are described below. Each constraint type

C has an associate weight W,

S1. Insufficient staffing for optimal coverage

The number C’gfgst’s i denotes the optimal number of nurses with skill sk that should

be assigned a shift s on day d. The number of constraint violations V (C°P*) is
calculated in equation (13).

V(Copt) — Z Z Zmax{cs,pst,k - Z xn,d,s,skv()} (13)

neEN deD seS skinSK

S2. Consecutive assignments

The number CW ™ and CW™" limit the maximum and minimum number
of consecutive working days for each nurse n. The total number of constraint
violations V(CW™) and V(CW ™) are counted in equations (14) and (15),
subject to the inequalities in expressions (19) and (21). For d > 0, the auxiliary
variables twy, 4,0 in inequalities (19) indicate whether nurse n works on day d while
he or she is free on day d — 1. The auxiliary variables tw,, 4,; in inequalities (21)
indicate whether there is a consecutive row of working days (of length 4) for nurse
n since day d. The variable hS™ denotes the number of consecutive shifts a nurse
is working at the end of the previous planning horizon and is used for proper
initialization of the auxiliary variables tw, 4. When a nurse has at least one day
off at the end of the previous planning horizon, h§" = 0.

|D|—1—-CW™*® cwmaw

v(cwme®) = Z Z maz{( Z twn 4,i) — CW %", 04 (14)
i=0

neN d:—hgw
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cwmin_q
VIOW™) = 37 3 (CW  tgo = X0 tnai) (15)
neN deD i—0
Wy 4,0 = Pn,d ford=0 (16)
= cw ; max
twn,qs =1for —hy; " <d<0,0<i<CW, (17)
twn,d,i =0 for d < —hgw,o <1 < CWT:nax (18)

0 < twn,a0 <1—pn,a—1 and pp.g — Pn,d—1 < tWn,q,0 < Pn,a for d >0  (19)
0 < twn,a; < pn,aand tn,q; < twp,qg:-1 for 0 <i < CW (20)

twy g =0 for d > |D|,0 < i < CW'** (21)

S3. Consecutive days-off

Similarly, the numbers CF™%® and CE™" limit the maximum and minimum
number of consecutive free days for each nurse n. The total number of constraint
violations V(CF™) and V(CF™™) are counted in equations (22) and (23),
subject to the inequalities in (27) and (29). For d > 0, the auxiliary variables
tfn,qa,0 in the inequalities (27) indicate whether nurse n works on day d — 1 while
he or she is free on day d. The auxiliary variables ¢f, 4, in the inequalities (29)
indicate whether there is a consecutive row of free days (of length 7) for nurse n
since day d. Again, the variable kS denotes the number of consecutive free shifts
a nurse has at the end of the previous planning horizon and is used for proper
initialization of the auxiliary variables ¢ fy 4,;. When a nurse is working at the end
of the previous planning horizon, RS = 0.

|D|—1— CF:Ln,am CF;mm;

V(CF™®) = 3" > maz{( Y tnai)— CF*,0}  (22)
=0

neN dthgp

|[D|-CF™" CFm™in_1

VICF™™) =% 3 (CEMtfago— X thuas) (23
neN d=0 e

tfn,a0=1—pp,a for d=0 (24)

tfnai=1for —hy" <d<0,0<i<CF™ (25)

tfn,d,i =0ford< —hSF70 <1 < CF;L“!Laac (26)

0 <tfndo <Pnd-1and ppd—1—Pnd <tfndo <1—ppaford>0  (27)
0<tfnai<1l—pnaandtfnagi<tfnai-for0<i<CF™  (28)

tfn,as=0for d>|D},0 <i < OF™" (29)
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S/4. Preferences

We destinguish two types of requests. In the general case, a nurse n asks not to be
assigned a shift s on a particular day d. Let SOR be the set of shift off requests,
each sor € SOR is a tuple (n,d, s) and represents such a shift off request.

V(SOR)= > onas (30)
soreSOR

In the other case, the special shift type Any is given and thus the nurse is
requesting a day-off. Let DOR be the set of day-off requests, each dor € dOR is a
tuple (n,d) and represents such a day-off request.

V(DOR)= > pna (31)
dore DOR

S5. Complete weekend

CWy € {1, 0} specifies whether or not nurse n should work either both days or no
days at all during a weekend'. The total number of constraint violations V (CW)
is defined in equation (32).

V(CW) = Z Z CWan(2qn,w — (pn,dw,l +pn7dw,2)) (32)
neN wew

S6. Total assignments

Numbers T77%* and T/™™ on the total workload of nurses limit respectively the
maximum and minimum number of shifts assigned per nurse n. The total number
of constraint violations V(T™®) and V(T™"") are counted in equations (33) and

(34).

VT =Y maz{(D>_ Y onas) — T, 0} (33)

neN deD sesS
VT = 3" mas{T = (3 onas),0} (34)
neN deD seS

S7. Total working weekends

Number TW,*** limits the total number of weekends nurse n can work. The total
number of constraint violations V (TW™%*) is counted in equation (35)

VIW™®) = 3" maz{ Y qnw) — TW;,0} (35)
neN weWw

1 CW,, =1 if nurse n needs to work complete weekends, CW,, = 0 if she or he can work an
arbitrary number of days in a weekend.
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2 List of definitions

Symbol Definition

N Set of nurses n

D Set of days d

w Set of weekends w

S Set of shift types s

SK Set of skills sk

Tp,s,d,sk Variable denoting whether a nurse n works a shift s requiring skill sk on day
d

On,s,d Variable denoting whether a nurse n works a shift s on day d for any possible
skill

Pn.d Variable denoting whether a nurse n works any shift on day d

Gn,w Variable denoting whether a nurse n works any shift during any day in week-
end w

dw,1, dw,2 | Variables denoting the two days in weekend w

gf;jls & the minimum number of nurses with skill sk required for covering a shift s on

day d

F set of forbidden shift type successions f

f A sequence of two shifts s1 and s that is forbidden

SKy sets of skill sk for which nurse n has sufficient qualifications

sf’s t’s & Variable denoting the optimal number of nurses with skill sk that should be

assigned a shift s on day d

cwnar the maximum number of consecutive working days for nurse n

cwmmn the minimum number of consecutive working days for nurse n

twy, 4,0 Variable denoting whether nurse n works on day d while he or she is free on
day d-1

twn 4,; Variables denoting whether there is a consecutive row of working days of
length i for nurse n since day d

hCW Variable denoting the number of consecutive days a nurse is working at the
end of the previous planning horizon

CEer the maximum number of consecutive free days for nurse n

cErn the minimum number of consecutive free days for nurse n

tfn,d,0 Variable denoting whether nurse n is free on day d while he or she is working
on day d-1

tfn.d,i Variables denoting whether there is a consecutive row of free days of length i
for nurse n since day d

hGT Variable denoting the number of consecutive days off a nurse has at the end
of the previous planning horizon

SOR Set of shift off requests sor

sor A tuple (n,d,s) denoting a request not the be assigned a shift s on day d for
nurse n

DOR Set of day off requests dor

dor A tuple (n,d) denoting a request not the be assigned any shift on day d for
nurse n

CWh,, Variable denoting whether nurse n has to work complete weekends

e Variable denoting the maximum number of assignments for nurse n

e Variable denoting the minimum number of assignments for nurse n




