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1 Mathematical model

Let N be the set of nurses, D the set of days in the scheduling period, W the set
of all weekends in the scheduling period, S the set of shift types and SK the set
of skills. Equation (1) defines the binary decision variables xn,d,s,sk. These state
whether nurse n is working shift type s with required skill sk on day d.

A set of auxiliary variables on,d,s is defined in expression (2). These indicate
whether nurse n works a shift of type s on day d. The auxiliary variables pn,d

(4) denote whether nurse n is working any shift type on day d. A similar set of
auxiliary variables qn,w is defined in expression (6). These indicate whether nurse
n is working any shift during weekend w. A weekend w is defined by its two days
dw,1 and dw,2.

∀n ∈ N,∀d ∈ D,∀s ∈ S,∀sk ∈ SK :

xn,d,s,sk =

{
1 if nurse n works shift type s with skill sk on day d
0 otherwise

(1)

∀n ∈ N,∀d ∈ D,∀s ∈ S : on,d,s =

{
1 if nurse n works shift type s on day d
0 otherwise

(2)
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∀n ∈ N,∀d ∈ D,∀s ∈ S :
∑

sk∈SK

xn,d,s,sk ≤ |SK|on,d,s and
∑

sk∈SK

xn,d,s,sk ≥ on,d,s

(3)

∀n ∈ N,∀d ∈ D : pn,d =

{
1 if nurse n works any shift type on day d
0 otherwise

(4)

∀n ∈ N,∀d ∈ D :
∑
s∈S

xn,d,s ≤ |S|pn,d and
∑
s∈S

on,d,s ≥ pn,d (5)

∀n ∈ N,∀w ∈W ∈ S :

qn,w =

{
1 if nurse n works any shift type during weekend w
0 otherwise

(6)

∀n ∈ N,∀w ∈W : pn,dw,2
≤ 2qn,w + pn,dw,1

and pn,dw,1
+ pn,dw,2

≥ qn,w (7)

1.1 Hard constraints

In this section we give a mathematical representation of the hard constraints H1
(8) to H4 (11).

H1. Single assignment per day

∀n ∈ N,∀d ∈ D :
∑
s∈S

on,d,s ≤ 1 (8)

H2. Under-staffing

Let Cmin
d,s,sk denote the minimum number of nurses with skill sk required for cov-

ering a shift s on day d, then:

∀d ∈ D,∀s ∈ S,∀sk ∈ SK :
∑
n∈N

xn,d,s,sk ≥ Cmin
d,s,sk (9)

H3. Shift type successions

Let F be the set of forbidden shift type successions. Each f ∈ F represents a
sequence of two shift types s1 and s2 that is forbidden. T.i. a shift s2 cannot
follow a shift type s1.

∀n ∈ N,∀d ∈ D,∀f ∈ F : on,d,s1
+ on,d+1,s2

≤ 1 (10)
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H4. Missing required skill

Let SKn be the set of skills of nurse n, then:

∀n ∈ N,∀d ∈ D,∀s ∈ S,∀sk ∈ SK \ SKn : xn,d,s,sk = 0 (11)

1.2 Soft Constraints

The objective is to minimize the following sum (12) subject to the linear expres-
sions in equations (13 - 35).

minimize WCopt

V (Copt) + WCWmax

V (CWmax) + WCWmin

V (CWmin)+

WCFmax

V (CFmax) + WCFmin

V (CFmin) + WCWV (CW )+

WSORV (SOR) + WDORV (DOR)+

WTmax

V (Tmax) + WTmin

V (Tmin) + WTWmax

V (TWmax)
(12)

The soft constraints in the problem are described below. Each constraint type
C has an associate weight WC

n .

S1. Insufficient staffing for optimal coverage

The number Copt
d,s,sk denotes the optimal number of nurses with skill sk that should

be assigned a shift s on day d. The number of constraint violations V (Copt) is
calculated in equation (13).

V (Copt) =
∑
n∈N

∑
d∈D

∑
s∈S

max{Copt
d,s,k −

∑
skinSK

xn,d,s,sk, 0} (13)

S2. Consecutive assignments

The number CWmax
n and CWmin

n limit the maximum and minimum number
of consecutive working days for each nurse n. The total number of constraint
violations V (CWmax) and V (CWmin) are counted in equations (14) and (15),
subject to the inequalities in expressions (19) and (21). For d > 0, the auxiliary
variables twn,d,0 in inequalities (19) indicate whether nurse n works on day d while
he or she is free on day d − 1. The auxiliary variables twn,d,i in inequalities (21)
indicate whether there is a consecutive row of working days (of length i) for nurse
n since day d. The variable hCW

n denotes the number of consecutive shifts a nurse
is working at the end of the previous planning horizon and is used for proper
initialization of the auxiliary variables twn,d,i. When a nurse has at least one day
off at the end of the previous planning horizon, hCW

n = 0.

V (CWmax) =
∑
n∈N

|D|−1−CWmax
n∑

d=−hCW
n

max{(
CWmax

n∑
i=0

twn,d,i)− CWmax
n , 0} (14)
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V (CWmin) =
∑
n∈N

∑
d∈D

(CWmin
n tn,d,0 −

CWmin
n −1∑
i=0

tn,d,i) (15)

twn,d,0 = pn,d for d = 0 (16)

twn,d,i = 1 for − hCW
n ≤ d < 0, 0 < i ≤ CWmax

n (17)

twn,d,i = 0 for d < −hCW
n , 0 < i ≤ CWmax

n (18)

0 ≤ twn,d,0 ≤ 1− pn,d−1 and pn,d − pn,d−1 ≤ twn,d,0 ≤ pn,d for d > 0 (19)

0 ≤ twn,d,i ≤ pn,d and tn,d,i ≤ twn,d,i−1 for 0 < i ≤ CWmax
n (20)

twn,d,i = 0 for d > |D|, 0 < i ≤ CWmax
n (21)

S3. Consecutive days-off

Similarly, the numbers CFmax
n and CFmin

n limit the maximum and minimum
number of consecutive free days for each nurse n. The total number of constraint
violations V (CFmax) and V (CFmin) are counted in equations (22) and (23),
subject to the inequalities in (27) and (29). For d > 0, the auxiliary variables
tfn,d,0 in the inequalities (27) indicate whether nurse n works on day d− 1 while
he or she is free on day d. The auxiliary variables tfn,d,i in the inequalities (29)
indicate whether there is a consecutive row of free days (of length i) for nurse n
since day d. Again, the variable hCF

n denotes the number of consecutive free shifts
a nurse has at the end of the previous planning horizon and is used for proper
initialization of the auxiliary variables tfn,d,i. When a nurse is working at the end
of the previous planning horizon, hCF

n = 0.

V (CFmax) =
∑
n∈N

|D|−1−CFmax
n∑

d=−hCF
n

max{(
CFmax

n∑
i=0

tn,d,i)− CFmax
n , 0} (22)

V (CFmin) =
∑
n∈N

|D|−CFmin
n∑

d=0

(CFmin
n tfn,d,0 −

CFmin
n −1∑
i=0

tfn,d,i) (23)

tfn,d,0 = 1− pn,d for d = 0 (24)

tfn,d,i = 1 for − hCF
n ≤ d < 0, 0 < i ≤ CFmax

n (25)

tfn,d,i = 0 for d < −hCF
n , 0 < i ≤ CFmax

n (26)

0 ≤ tfn,d,0 ≤ pn,d−1 and pn,d−1 − pn,d ≤ tfn,d,0 ≤ 1− pn,d for d > 0 (27)

0 ≤ tfn,d,i ≤ 1− pn,d and tfn,d,i ≤ tfn,d,i−1 for 0 < i ≤ CFmax
n (28)

tfn,d,i = 0 for d > |D|, 0 < i ≤ CFmax
n (29)
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S4. Preferences

We destinguish two types of requests. In the general case, a nurse n asks not to be
assigned a shift s on a particular day d. Let SOR be the set of shift off requests,
each sor ∈ SOR is a tuple (n, d, s) and represents such a shift off request.

V (SOR) =
∑

sor∈SOR

on,d,s (30)

In the other case, the special shift type Any is given and thus the nurse is
requesting a day-off. Let DOR be the set of day-off requests, each dor ∈ dOR is a
tuple (n, d) and represents such a day-off request.

V (DOR) =
∑

dor∈DOR

pn,d (31)

S5. Complete weekend

CWn ∈ {1, 0} specifies whether or not nurse n should work either both days or no
days at all during a weekend1. The total number of constraint violations V (CW )
is defined in equation (32).

V (CW ) =
∑
n∈N

∑
w∈W

CWn(2qn,w − (pn,dw,1
+ pn,dw,2

)) (32)

S6. Total assignments

Numbers Tmax
n and Tmin

n on the total workload of nurses limit respectively the
maximum and minimum number of shifts assigned per nurse n. The total number
of constraint violations V (Tmax) and V (Tmin) are counted in equations (33) and
(34).

V (Tmax) =
∑
n∈N

max{(
∑
d∈D

∑
s∈S

on,d,s)− Tmax
n , 0} (33)

V (Tmin) =
∑
n∈N

max{Tmin
n − (

∑
d∈D

∑
s∈S

on,d,s), 0} (34)

S7. Total working weekends

Number TWmax
n limits the total number of weekends nurse n can work. The total

number of constraint violations V (TWmax) is counted in equation (35)

V (TWmax) =
∑
n∈N

max{
∑

w∈W
qn,w)− TWmax

n , 0} (35)

1 CWn = 1 if nurse n needs to work complete weekends, CWn = 0 if she or he can work an
arbitrary number of days in a weekend.
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2 List of definitions

Symbol Definition
N Set of nurses n
D Set of days d
W Set of weekends w
S Set of shift types s
SK Set of skills sk
xn,s,d,sk Variable denoting whether a nurse n works a shift s requiring skill sk on day

d
on,s,d Variable denoting whether a nurse n works a shift s on day d for any possible

skill
pn,d Variable denoting whether a nurse n works any shift on day d
qn,w Variable denoting whether a nurse n works any shift during any day in week-

end w
dw,1, dw,2 Variables denoting the two days in weekend w
Cmin

d,s,sk the minimum number of nurses with skill sk required for covering a shift s on
day d

F set of forbidden shift type successions f
f A sequence of two shifts s1 and s2 that is forbidden
SKn sets of skill sk for which nurse n has sufficient qualifications

Copt
d,s,sk Variable denoting the optimal number of nurses with skill sk that should be

assigned a shift s on day d
CWmax

n the maximum number of consecutive working days for nurse n
CWmin

n the minimum number of consecutive working days for nurse n
twn,d,0 Variable denoting whether nurse n works on day d while he or she is free on

day d-1
twn,d,i Variables denoting whether there is a consecutive row of working days of

length i for nurse n since day d

hCW
n Variable denoting the number of consecutive days a nurse is working at the

end of the previous planning horizon
CFmax

n the maximum number of consecutive free days for nurse n
CFmin

n the minimum number of consecutive free days for nurse n
tfn,d,0 Variable denoting whether nurse n is free on day d while he or she is working

on day d-1
tfn,d,i Variables denoting whether there is a consecutive row of free days of length i

for nurse n since day d

hCF
n Variable denoting the number of consecutive days off a nurse has at the end

of the previous planning horizon
SOR Set of shift off requests sor
sor A tuple (n,d,s) denoting a request not the be assigned a shift s on day d for

nurse n
DOR Set of day off requests dor
dor A tuple (n,d) denoting a request not the be assigned any shift on day d for

nurse n
CWn Variable denoting whether nurse n has to work complete weekends
Tmax
n Variable denoting the maximum number of assignments for nurse n

Tmin
n Variable denoting the minimum number of assignments for nurse n


